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Abstract
We calculate analytically quasi-normal modes of AdS Schwarzschild black holes includ-
ing first-order corrections. We consider massive scalar, gravitational and electromagnetic
perturbations. Our results are in good agreement with numerical calculations. In the case
of electromagnetic perturbations, ours is the first calculation to provide an analytic expres-
sion for quasi-normal frequencies, because the effective potential vanishes at zeroth order.
We show that the first-order correction is logarithmic.
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1 Introduction
Recently there has been a lot of research studying quasi-normal modes of black holes in
asymptotically AdS space-times [1]. Understanding these modes may give some insight into
the AdS/CFT correspondence.
Here we present a fairly comprehensive study of quasi-normal modes of AdS Schwarzschild
black holes with a metric in d dimensions given by
ds2 = −f(r)dt2 + dr
2
f(r)
+ r2dΩ2d−2 , f(r) =
r2
R2
+ 1− 2µ
rd−3
. (1)
and derive analytical expressions including first-order corrections. The results are in good
agreement with results of numerical analysis.
In the case of massive perturbations, which we discuss in section 2, we extend the ap-
proach of [2] to include black holes of arbitrary size. We perform an expansion in 1/m, where
m is the mass of the perturbation. The calculation involves a large amount of cancellations
between various terms resulting in a sensible perturbative expansion of asymptotic expres-
sions for quasi-normal frequencies. In section 3, we discuss gravitational perturbations and
obtain the first-order corrections to the analytic expressions derived in [3, 4] (adapting the
monodromy argument proposed in [5] and extended to first order in [6]). We find good
agreement with numerical results [7]. In section 4, we extend the discussion to electromag-
netic perturbations. In this case, the zeroth-order effective potential vanishes rendering
the analytic derivation of quasi-normal frequencies impossible. We show that including the
first-order correction leads to an analytic expression in agreement with numerical results.
Unlike other types of perturbation, the correction in electromagnetic modes is logarithmic.
We summarize our conclusions in section 5.
2 Massive scalar perturbations
In this section we calculate quasi-normal frequencies for massive scalar perturbations of
finite black holes in AdS generalizing a procedure introduced in [2]. We consider explicitly
the five-dimensional case in which the wave equation reduces to a Heun equation. General-
izing to higher dimensions is straightforward albeit tedious due to the increase in singular
points.
Using the line element (1) in d = 5, we obtain the horizon radius
r2H
R2
= −1
2
+
√
1
4
+
2µ
R2
(2)
The wave equation for a massive scalar of mass m is
1
r3
∂r
(
r3f(r)∂rΦ
)− 1
f(r)
∂2tΦ+
1
r2
∇2ΩΦ = m2Φ . (3)
It is convenient to transform to a dimensionless coordinate
y = s
(
2r2
R2
+ 1
)
, s =
1
2r2
H
R2
+ 1
, (4)
2
in terms of which the factor f(r) (eq. (1) with d = 5) reads
f [r(y)] =
y2 − 1
2s(y − s) . (5)
We see that s is a parameter describing the size of the black hole. When s→ 0, we approach
the large black hole limit (rH →∞) and expect to arrive at the results of [2].
Separating variables,
Φ = e−iωtYℓ~m(Ω)Ψ(y) , (6)
we obtain the radial wave equation expressed in terms of y,
(y − s)(y2 − 1)Ψ′′ + (3y2 − 1− 2sy)Ψ′ +
[
ωˆ2
4
(y − s)2
y2 − 1 −
Lˆ2
4
− (y − s)mˆ2
]
Ψ = 0 (7)
where we introduced the dimensionless parameters
ωˆ2 = 2sω2R2 , Lˆ2 = 2sℓ(ℓ+ 2) , mˆ =
mR
2
. (8)
The singularities of the wave equation are given by
y = ±1, s , (9)
where y = 1 is the horizon, y = s is the black hole singularity and y = −1 is an unphysical
singularity. In order to bring (7) into a manageable form, we need to study the behavior of
the wavefunction near the singularities. Two independent solutions of (7) are obtained by
examining the behavior near the horizon (y → 1),
Ψ± ∼ (y − 1)±i
ωˆ
4
√
1−s . (10)
where Ψ+,Ψ− represent outgoing and ingoing waves, respectively. We will choose Ψ− for
quasi-normal modes.
Near the singularity y → −1 we obtain a different set of independent solutions
Ψ ∼ (y + 1)± ωˆ4
√
1+s . (11)
Since this is an unphysical singularity there is no physical choice. By studying the behavior
at large r (y → ∞), we find another set of independent solutions which determine the
scaling behavior and are given by
Ψ ∼ y−h± , h± = 1±
√
1 + mˆ2. (12)
For quasi-normal modes we want the solution to vanish for large r (y →∞), leading us to
choose
Ψ ∼ y−h+ . (13)
We may write the solution of (7) in the form
Ψ = (y − 1)−i ωˆ4
√
1−s(y + 1)−
ωˆ
4
√
1+sF (y) . (14)
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Substituting this expression into the wave equation (7), we obtain an equation for F (y),
(y2 − 1)F ′′ +
{(
3− (√1 + s+ i√1− s) ωˆ
2
)
y + s+ (
√
1 + s− i√1− s) ωˆ
2
}
F ′
+
{
ωˆ
2
[(
s+ i
√
1− s2
) ωˆ
4
− (√1 + s+ i√1− s)
]
− mˆ2
}
F
+
1
y − s
{
(s2 − 1)F ′ − Lˆ
2
4
F +
[
(1− s)√1 + s− i(1 + s)√1− s] ωˆ
4
F
}
= 0 (15)
If we are interested in the limit of large frequencies ωˆ, we may focus on the region of large
y [2]. In this case, the last term on the left-hand side of (15) is negligible compared with
the other terms and the wave equation simplifies to a hypergeometric equation,
(y2 − 1)F ′′ +
{(
3− (√1 + s+ i√1− s) ωˆ
2
)
y + s+ (
√
1 + s− i√1− s) ωˆ
2
}
F ′
+
{
ωˆ
2
[(
s+ i
√
1− s2
) ωˆ
4
− (√1 + s+ i√1− s)
]
− mˆ2
}
F
= 0 (16)
Two linearly independent solutions of (16) are
F1 = F (a+, a−; c;−x) , F2 = x1−cF (1+a+−c, 1+a−−c; 2−c;−x) , x = y − 1
2
, (17)
where
a± = h± −
(√
1 + s+ i
√
1− s) ωˆ
4
, (18)
c =
3
2
+
1
2
(s− i√1− s ωˆ) . (19)
Using the transformation properties of hypergeometric functions, we may re-express the
solutions (17) in terms of a new set of independent solutions which match the scaling
behavior (12) for large r (x→∞),
K± = (x+ 1)−a±F (a±, c− a∓; a± − a∓ + 1; 1/(x + 1)) (20)
We ought to choose K+, since it leads to Ψ → 0 as x → ∞. K+ may be expressed as a
linear combination of F1 and F2,
K+ = A0F1 + B0F2, (21)
where
A0 = Γ(1− c)Γ(1− a− + a+)
Γ(1− a−)Γ(1− c+ a+) , B0 =
Γ(c− 1)Γ(1 + a+ − a−)
Γ(a+)Γ(c− a−) . (22)
For the correct behavior at the horizon, we demand
B0 = 0,
which leads to two conditions
c− a− = 1− n , n = 1, 2, 3, . . . (23)
4
or
a+ = 1− n , n = 1, 2, 3, . . . (24)
Eq. (23) leads to the zeroth-order frequencies,
ωˆn = −2(
√
1 + s+ i
√
1− s)
[
n+ h+ − 3
2
+
s
2
]
(25)
Notice that the phase approaches π/4 in the large black-hole limit (rH →∞ or s→ 0), as
expected [2].
Using (24), we find a second set of frequencies given by
ωˆn = 2(
√
1 + s− i√1− s)(n + h+ − 1) . (26)
Both sets of frequencies, (25) and (26), at leading order agree on the imaginary part and
have opposite real parts. We shall work with (25) without loss of generality. Notice also
that the two sets of quasi-normal frequencies match the results of [2] in the large black hole
limit (s→ 0).
To find the first-order correction to the zeroth-order expression for quasi-normal fre-
quencies (25), we shall solve the Heun equation (15) perturbatively. To this end, let us
bring it to the form
(H0 +H1)F = 0, (27)
where (cf. eq. (16))
H0 = ∂2y +
1
y2 − 1
{(
3− (√1 + s+ i√1− s) ωˆ
2
)
y + (s+ (
√
1 + s− i√1− s) ωˆ
2
}
∂y
+
1
y2 − 1
{
ωˆ
2
[
(s+ i
√
1− s2) ωˆ
4
− (√1 + s+ i√1− s)
]
− mˆ2
}
, (28)
and the correction (to be treated as a perturbation) is given by
H1 = 1
(y2 − 1)(y − s)
[
(s2 − 1)∂y +
(
(1− s)√1 + s− i(1 + s)√1− s) ωˆ
4
]
. (29)
We have neglected the angular momentum contribution for simplicity. We may expand the
wave function as
F = F0 + F1 + . . . (30)
where F0 obeys the zeroth-order equation (eq. (16))
H0F0 = 0. (31)
Solving this equation leads to the zeroth-order expressions for quasi-normal frequencies (25).
The first-order equation is
H1F0 +H0F1 = 0 (32)
We may solve for F1 by using variation of parameters,
F1 = K−
∫ ∞
x
K+H1F0
W −K+
∫ ∞
x
K−H1F0
W (33)
where K± are the two linearly independent solutions (20) of eq. (16) and W is their Wron-
skian given by
W = (a+ − a−)x−c(1 + x)c−a+−a−−1. (34)
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To study the behavior near the horizon (x→ 0), we may analytically continue the param-
eters in (33) without affecting the singularity. For x ∼ 0, we obtain
F1 ∼ A1 + x1−cB1 , (35)
where
B1 = β−
∫ ∞
0
K+H1F0
W − β+
∫ ∞
0
K−H1F0
W , (36)
and
β± =
Γ(c− 1)Γ(1 + a± − a∓)
Γ(a±)Γ(c− a∓) . (37)
With our choice (23), we find
B1 = β−
∫ ∞
0
K+H1F0
W .
Therefore the quasi-normal frequencies, to first order, are found as solutions of
B0 + B1 = 0, (38)
where B0 is given by (22).
We can now find explicit expressions for the first-order correction to quasi-normal fre-
quencies. Writing to first order
ωˆn = −2(
√
1 + s+ i
√
1− s)
[
n+ h+ − 3
2
+
s
2
− ǫn
]
(39)
we aim at calculating ǫn. Let us start with the case of n = 1. Our quantization condition
(23) becomes c = a−. This truncates the expansion of the hypergeometric solution (20) to
F0 = K+ = (1 + x)−a+ . (40)
After some algebra, we find
B1 = β−
2(a+ − a−)
1∑
k=0
αk
∫ ∞
0
dx
xc(1 + x)−(c+a+−a−−k)
2x+ 1− s , (41)
where the coefficients, αk (k = 0, 1), are given by
α0 = −a+(s2 − 1) , α1 =
[
(s2 − 1) + is
√
1− s2
]
[a+ − a− + 1 + s] . (42)
Using ∫ ∞
0
dx
xλ(1 + x)−µ
1 + δx
= B(λ+ 1, µ− λ)F (1, λ + 1;µ + 1; 1− δ), (43)
we find
B1 = B(a− − 1, a+ − a− + 1)
1− s
(
a−
a+ − a−
)[
− α0
2a+
F (1, a− + 1; a+ + 1;
s+ 1
s− 1)
− α1
2(a+ − a− − 1)F (1, a− + 1, a+;
s+ 1
s− 1)
]
. (44)
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Expanding in 1/h+ (large mass expansion), we obtain
B1 = B(a− − 1, a+ − a− + 1)
[
s
4
(
s2 − 1 + is
√
1− s2
)
− i
8h+
(1 + o(s))
]
, (45)
where we made use of the expansion of a hypergeometric function
F (1, α;β; z) =
(
1− α
β
z
)−1
+
(
1
α
− 1
β
)
α2z2
β2
(
1− α
β
z
)−3
+ . . . (46)
which is valid for large α and β (∼ o(h+)). We obtain from (22) and (39)
B0 = ǫ1B(a− − 1, a+ − a− + 1) + . . . (47)
By using (38) we find the first-order correction for n = 1,
ǫ1 = −s
4
(
s2 − 1 + is
√
1− s2
)
+
i
8h+
(1 + o(s)) (48)
For a finite-size black hole (s 6= 0), this is a o(h0+) correction to n = 1 quasi-normal
frequencies. The correction is o(1/h+) for an infinite-size black hole (s = 0) [2]. It should
be pointed out that the calculation of ǫ1 involved cancellation of o(h+) terms. For a general
n, one obtains expressions o(hn+). Non-trivial cancellations occur between various terms
involving hypergeometric functions and after the dust settles, one arrives at the general
expression
ǫn = − s
4n
(
s2 − 1 + is
√
1− s2
)
+
i(2− 1/n)
8h+
(1 + o(s)) , n = 1, 2, 3, . . . (49)
which is o(h0+) for finite-size black holes and o(1/h+) for infinite-size black holes,
ǫn =
i
4
(
1− 1
2n
)
1
h+
. (50)
We have been unable to provide an analytical proof of the above results for general n but
have verified them for several n using Mathematica.
3 Gravitational perturbations
In this section we discuss gravitational perturbations. For massless perturbations, the
method discussed in section 2 is not directly applicable. Instead, we extend the proce-
dure of [3, 4] to include first-order corrections to analytical expressions for quasi-normal
frequencies. Our results are in good agreement with numerical results [7].
The radial wave equation for gravitational perturbations in the black-hole background (1)
can be cast into a Schro¨dinger-like form,
−d
2Ψ
dr2∗
+ V [r(r∗)]Ψ = ω2Ψ , (51)
in terms of the tortoise coordinate defined by
dr∗
dr
=
1
f(r)
. (52)
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The potential V is determined by the type of perturbation and may be deduced from the
Master Equation derived in [9]. For tensor, vector and scalar perturbations, we obtain,
respectively, [4]
VT(r) = f(r)
{
ℓ(ℓ+ d− 3)
r2
+
(d− 2)(d− 4)f(r)
4r2
+
(d− 2)f ′(r)
2r
}
(53)
VV(r) = f(r)
{
ℓ(ℓ+ d− 3)
r2
+
(d− 2)(d− 4)f(r)
4r2
− rf
′′′(r)
2(d− 3)
}
(54)
VS(r) =
f(r)
4r2
[
ℓ(ℓ+ d− 3)− (d− 2) + (d− 1)(d − 2)µ
rd−3
]−2
×
{
d(d− 1)2(d− 2)3µ2
R2r2d−8
− 6(d− 1)(d − 2)
2(d− 4)[ℓ(ℓ+ d− 3)− (d− 2)]µ
R2rd−5
+
(d− 4)(d − 6)[ℓ(ℓ+ d− 3)− (d− 2)]2r2
R2
+
2(d− 1)2(d− 2)4µ3
r3d−9
+
4(d− 1)(d− 2)(2d2 − 11d+ 18)[ℓ(ℓ + d− 3)− (d− 2)]µ2
r2d−6
+
(d− 1)2(d− 2)2(d− 4)(d − 6)µ2
r2d−6
− 6(d− 2)(d − 6)[ℓ(ℓ+ d− 3)− (d− 2)]
2µ
rd−3
−6(d− 1)(d− 2)
2(d− 4)[ℓ(ℓ + d− 3)− (d− 2)]µ
rd−3
+4[ℓ(ℓ+ d− 3)− (d− 2)]3 + d(d− 2)[ℓ(ℓ + d− 3)− (d− 2)]2
}
(55)
Evidently, the potential always vanishes at the horizon (V (rH) = 0, since f(rH) = 0)
regardless of the type of perturbation.
Near the black hole singularity (r ∼ 0), the tortoise coordinate (52) may be expanded
as
r∗ = − 1
(d− 2)
rd−2
2µ
− 1
(2d − 5)
r2d−5
(2µ)2
+ . . . (56)
where we have kept the second term in the expansion of r and have chosen the integration
constant so that r∗ = 0 at r = 0. Using (56), we may expand the potential near the black
hole singularity in the three different cases (eqs. (53), (54) and (55)), respectively as
VT = − 1
4r2∗
+
AT
[−2(d− 2)µ] 1d−2
r
− d−1
d−2∗ + . . . , AT = (d− 3)
2
2(2d − 5) +
ℓ(ℓ+ d− 3)
d− 2 , (57)
VV =
3
4r2∗
+
AV
[−2(d− 2)µ] 1d−2
r
− d−1
d−2∗ + . . . , AV = d
2 − 8d+ 13
2(2d − 15) +
ℓ(ℓ+ d− 3)
d− 2 (58)
and
VS = − 1
4r2∗
+
AS
[−2(d− 2)µ] 1d−2
r
− d−1
d−2∗ + . . . , (59)
where
AS = (2d
3 − 24d2 + 94d− 116)
4(2d− 5)(d − 2) +
(d2 − 7d+ 14)[ℓ(ℓ + d− 3)− (d− 2)]
(d− 1)(d − 2)2 (60)
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We have included only the terms which contribute to the order we are interested in. We
may summarize the behavior of the potential near the origin by
V =
j2 − 1
4r2∗
+A r−
d−1
d−2∗ + . . . (61)
where j = 0 (2) for scalar and tensor (vector) perturbations and the constant coefficient
A can be found from eqs.(57), (58), (59) and (60) in the various cases. Throughout the
calculation, we shall pretend that j is not an integer. At the end of the calculation, we
shall let j → 0, 2, as appropriate.
After rescaling the tortoise coordinate (z = ωr∗), the Schro¨dinger-like wave equa-
tion (51) with the potential (61) becomes
−d
2Ψ
dz2
+
[
j2 − 1
4z2
− 1
]
Ψ = −A ω− d−3d−2 z− d−1d−2Ψ , (62)
In the large frequency limit, we may treat the right-hand side of (62) as a correction. This
will allow us to to solve the equation perturbatively. We may re-express (62) as(
H0 + ω−
d−3
d−2 H1
)
Ψ = 0, (63)
where
H0 = d
2
dz2
−
[
j2 − 1
4z2
− 1
]
, H1 = −A z−
d−1
d−2 . (64)
By treating H1 as a perturbation, we may expand the wave function
Ψ(z) = Ψ0(z) + ω
− d−3
d−2 Ψ1(z) + . . . (65)
and solve (63) perturbatively. The zeroth-order wave equation,
H0Ψ0(z) = 0, (66)
may be solved in terms of Bessel functions,
Ψ0(z) = A1
√
z J j
2
(z) +A2
√
z N j
2
(z). (67)
For large z, it behaves as
Ψ0(z) ∼
√
2
π
[A1 cos(z − α+) +A2 sin(z − α+)] ,
=
1√
2π
(A1 − iA2)e−iα+eiz + 1√
2π
(A1 + iA2)e
+iα+e−iz. (68)
where α± = π4 (1± j).
Next, we study the behavior of the wavefunction at large r. In this region, the tortoise
coordinate (52) may be expanded as
r∗ − r¯∗ = −R
2
r
+
1
3
R4
r3
+ . . . (69)
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The integration constant is readily deduced from the definition (52) of the tortoise coordi-
nate,
r¯∗ =
∫ ∞
0
dr
f(r)
(70)
The potential (eqs. (53), (54) and (55)) for large r may be expanded as
V =
j2∞ − 1
4(r∗ − r¯∗)2 + . . . (71)
where j∞ = d− 1, d− 3 and d− 5 for tensor, vector and scalar perturbations, respectively.
The Schro¨dinger-like wave equation (51) in the region of large r becomes
−d
2Ψ
dr2∗
+
[
j2∞ − 1
4(r∗ − r¯∗)2 − ω
2
]
Ψ = 0 (72)
Since the potential does not vanish as r → ∞, the wavefunction ought to vanish there.
Imposing this boundary condition yields the acceptable solution to eq. (72),
Ψ(r∗) = B
√
ω(r∗ − r¯∗) J j∞
2
(ω(r∗ − r¯∗)) . (73)
Notice that Ψ→ 0 as r∗ → r¯∗, as desired. Asymptotically, it behaves as
Ψ(r∗) ∼
√
2
π
B cos [ω(r∗ − r¯∗) + β] , β = π
4
(1 + j∞) (74)
By matching this expression to the asymptotic behavior (68) of the solution in the vicinity
of the black-hole singularity along the Stokes line ℑz = ℑ(ωr∗) = 0, we find a constraint
on the coefficients A1, A2,
A1 tan(ωr¯∗ − β − α+)−A2 = 0. (75)
A second constraint is obtained by imposing the boundary condition
Ψ(z) ∼ eiz , z → −∞ , (76)
at the horizon. To this end, we need to analytically continue the wavefunction near the
origin to negative values of z. A rotation of z by −π corresponds to a rotation by − πd−2
near the origin in the complex r-plane, on account of (56). Since near the origin, Jν(z) ∼ zν
(multiplied by an even holographic function of z) and using the identity
Nν(z) = cot πν Jν(z)− csc πν J−ν(z) , (77)
we deduce
Jν(e
−iπz) = e−iπνJν(z) , Nν(e−iπz) = eiπνNν − 2i cos πν Jν(z) (78)
Thus for z < 0, the wavefunction (67) changes to
Ψ0(z) = e
−iπ(j+1)/2√−z
{[
A1 − i(1 + eiπj)A2
]
J j
2
(−z) +A2eiπj N j
2
(−z)
}
. (79)
whose asymptotic behavior is given by
Ψ ∼ e
−iπ(j+1)/2
√
2π
[
A1 − i(1 + 2ejπi)A2
]
e−iz +
e−iπ(j+1)/2√
2π
[A1 − iA2] eiz (80)
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Imposing the boundary condition (76) at the horizon, we deduce the constraint
A1 − i(1 + 2ejπi)A2 = 0. (81)
The two constraints (75) and (81) are compatible provided∣∣∣∣ 1 −i(1 + 2ejπi)tan(ωr¯∗ − β − α+) −1
∣∣∣∣ = 0, (82)
which yields the quasi-normal frequencies [4]
ωr¯∗ =
π
4
(2 + j + j∞)− tan−1 i
1 + 2ejπi
+ nπ . (83)
These are zeroth-order expressions deduced from the zeroth-order wave equation (66).
Next, we calculate the first-order correction to the asymptotic expressions (83) for quasi-
normal frequencies. We begin by focusing on the region near the black-hole singularity
(r ∼ 0). To first order, the wave equation (63) becomes
H0Ψ1 +H1Ψ0 = 0 , (84)
where H0 and H1 are given in eq. (64). The solution is
Ψ1(z) =
√
z N j
2
(z)
∫ z
0
dz′
√
z′ J j
2
(z′)H1Ψ0(z′)
W −
√
z J j
2
(z)
∫ z
0
dz′
√
z′N j
2
(z′)H1Ψ0(z′)
W ,
(85)
written in terms of the two linearly independent solutions (67) of the zeroth-order eq. (66).
W = 2/π is their Wronskian. Using (67) and (85), we may express the solution to the wave
equation (63) up to first order (eq. (65)) explicitly as
Ψ(z) = {A1[1− b(z)]−A2a2(z)}
√
zJ j
2
(z) + {A2[1 + b(z)] +A1a1(z)}
√
zN j
2
(z) (86)
where the functions a1(z), a2(z) and b(z) are given by
a1(z) =
πA
2
ω−
d−3
d−2
∫ z
0
dz′ z′−
1
d−2J j
2
(z′)J j
2
(z′), (87)
a2(z) =
πA
2
ω−
d−3
d−2
∫ z
0
dz′ z′−
1
d−2N j
2
(z′)N j
2
(z′), (88)
b(z) =
πA
2
ω−
d−3
d−2
∫ z
0
dz′ z′−
1
d−2J j
2
(z′)N j
2
(z′) , (89)
respectively. The coefficient A is defined in eq. (64) and depends on the type of perturbation.
The wavefunction (86) behaves asymptotically as
Ψ(z) ∼
√
2
π
[A′1 cos(z − α+) +A′2 sin(z − α+)] , (90)
where
A′1 = [1− b¯]A1 − a¯2A2 , A′2 = [1 + b¯]A2 + a¯1A1 (91)
and we introduced the notation
a¯1 = a1(∞) , a¯2 = a2(∞) , b¯ = b(∞) . (92)
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By matching this to the asymptotic expression (74), we obtain
A′1 tan(ωr¯∗ − β − α+)−A′2 = 0 (93)
correcting the zeroth-order constraint (75). Using (91), the first-order constraint (93) in
terms of A1 and A2 reads
[(1− b¯) tan(ωr¯∗ − β − α+)− a¯1]A1 − [1 + b¯+ a¯2 tan(ωr¯∗ − β − α+)]A2 = 0 (94)
To find the first-order correction to the second constraint (81), we need to approach the
horizon. This entails a rotation by −π in the z-plane. From the small-z behavior of a Bessel
function, Jν(z) ∼ zν , and using the identity (77), we deduce after some algebra
a1(e
−iπz) = e−iπ
d−3
d−2 e−iπja1(z) ,
a2(e
−iπz) = e−iπ
d−3
d−2
[
eiπja2(z) − 4 cos2 πj
2
a1(z) − 2i(1 + eiπj)b(z)
]
,
b(e−iπz) = e−iπ
d−3
d−2
[
b(z)− i(1 + e−iπj)a1(z)
]
(95)
From these expressions and eq. (78), we arrive at a modified expression for the wavefunc-
tion (86) valid for z < 0. In the limit z → −∞, we obtain
Ψ(z) ∼ −ie−ijπ/2B1 cos(−z − α+)− ieijπ/2B2 sin(−z − α+) (96)
where
B1 = A1 −A1e−iπ
d−3
d−2 [b¯− i(1 + e−iπj)a¯1]
−A2e−iπ
d−3
d−2
[
e+iπj a¯2 − 4 cos2 πj
2
a¯1 − 2i(1 + e+iπj)b¯
]
−i(1 + eiπj)
[
A2 +A2e
−iπ d−3
d−2 [b¯− i(1 + e−iπj)a¯1] +A1e−iπ
d−3
d−2 e−iπj a¯1
]
B2 = A2 +A2e
−iπ d−3
d−2 [b¯− i(1 + e−iπj)a¯1] +A1e−iπ
d−3
d−2 e−iπj a¯1 (97)
By imposing the boundary condition (76) at the horizon, we obtain
[1− e−iπ d−3d−2 (ia¯1 + b¯)]A1 − [i(1 + 2eiπj) + e−iπ
d−3
d−2 ((1 + eiπj)a¯1 + e
iπj a¯2 − ib¯)]A2 = 0 (98)
correcting the zeroth-order constraint (81). For compatibility of the two first-order con-
straints, (94) and (98), we need∣∣∣∣∣ 1 + b¯+ a¯2 tan(ωr¯∗ − β − α+) i(1 + 2e
iπj) + e−iπ
d−3
d−2 ((1 + eiπj)a¯1 + e
iπj a¯2 − ib¯)
(1− b¯) tan(ωr¯∗ − β − α+)− a¯1 1− e−iπ
d−3
d−2 (ia¯1 + b¯)
∣∣∣∣∣ = 0
(99)
Solving (99), we arrive at the first-order expression for quasi-normal frequencies,
ωr¯∗ =
π
4
(2 + j + j∞) +
1
2i
ln 2 + nπ
−1
8
{
6ib¯− 2ie−iπ d−3d−2 b¯− 9a¯1 + e−iπ
d−3
d−2 a¯1 + a¯2 − e−iπ
d−3
d−2 a¯2
}
(100)
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where we took the limit of interest j → 0, 2 wherever it was unambiguous, in order to
simplify the notation. Using∫ ∞
0
dx x−λJµ(x)Jν(x) =
Γ(λ)Γ(ν+µ+1−λ2 )
2λΓ(−ν+µ+1+λ2 )Γ(
ν−µ+1+λ
2 )Γ(
ν+µ+1+λ
2 )
, (101)
we obtain explicit expressions for the first-order coefficients,
a¯1 =
πA
4
(
nπ
2r¯∗
)− d−3
d−2 Γ( 1d−2 )Γ(
j
2 +
d−3
2(d−2) )
Γ2( d−12(d−2))Γ(
j
2 +
d−1
2(d−2) )
a¯2 =
[
1 + 2 cot
π(d− 3)
2(d− 2) cot
π
2
(
−j + d− 3
d− 2
)]
a¯1
b¯ = − cot π(d− 3)
2(d− 2) a¯1 (102)
where we used the identity Γ(x)Γ(1− x) = πsinπx . We also set ω = nπ/r¯∗, since corrections
contribute to higher than first order. Notice that these expressions are well-defined when j
becomes an integer. Thus, the first-order correction is ∼ o(n− d−3d−2 ).
Next, we compare with numerical results in four dimensions [7]. It is convenient to set
the AdS radius R = 1. From (1), the radius of the horizon rH is related to the black hole
parameter µ by
2µ = r3H + rH (103)
for d = 4. f(r) has two more (complex) roots, r− and its complex conjugate, where
r− = eiπ/3
(√
µ2 +
1
27
− µ
)1/3
− e−iπ/3
(√
µ2 +
1
27
+ µ
)1/3
(104)
The integration constant in the tortoise coordinate (70) is
r¯∗ =
∫ ∞
0
dr
f(r)
= − r−
3r2− + 1
ln
r−
rH
− r
∗
−
3r∗2− + 1
ln
r∗−
rH
(105)
Despite appearances, this is not a real number, because we ought to define arguments as
0 ≤ arg r < 2π.
For scalar perturbations, we find from eqs. (100), (102), together with (59), (60) and
(61),
ωnr¯∗ =
(
n+
1
4
)
π +
i
2
ln 2 + eiπ/4
ASΓ4(14 )
16π2
√
r¯∗
2µn
, AS = ℓ(ℓ+ 1)− 1
6
(106)
Notice that only the first-order correction is ℓ-dependent. In the limit of large horizon
radius (rH ≈ (2µ)1/3 ≫ 1), we have from (105)
r¯∗ ≈ π(1 + i
√
3)
3
√
3rH
(107)
Numerically for ℓ = 2,
ωn
rH
= (1.299 − 2.250i)n + 0.573 − 0.419i + 0.508 + 0.293i
r2H
√
n
(108)
13
1.5
1.55
1.6
1.65
1.7
1.75
1.8
1.85
1.9
1.95
2
0 2 4 6 8 10 12 14 16 18 20
ℜ∆ω
♦
♦
♦
♦
♦ ♦
♦ ♦ ♦ ♦ ♦ ♦
♦ ♦ ♦ ♦ ♦ ♦ ♦
-2.38
-2.375
-2.37
-2.365
-2.36
-2.355
-2.35
-2.345
2 4 6 8 10 12 14 16 18 20
ℑ∆ω
♦ ♦ ♦
♦ ♦ ♦
♦ ♦ ♦ ♦ ♦ ♦ ♦
♦ ♦ ♦
Figure 1: The frequency gap (110) for scalar perturbations in d = 4 for rH = 1 and ℓ = 2: zeroth
and first order analytical (eq. (109)) compared with numerical data [7].
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Figure 2: The frequency gap (110) for tensor perturbations in d = 4 for rH = 1 and ℓ = 0: zeroth
and first order analytical (eq. (114)) compared with numerical data [7].
For an intermediate black hole, rH = 1, we obtain
ωn = (1.969 − 2.350i)n + 0.752 − 0.370i + 0.654 + 0.458i√
n
(109)
In figure 1 we compare this analytical result with numerical results [7]. We plot the gap
∆ωn = ωn − ωn−1 (110)
because the offset does not always agree with numerical results [4]. We show both zeroth-
order and first-order analytical results. For a small black hole, rH = 0.2, we obtain
ωn = (1.695 − 0.571i)n + 0.487 − 0.0441i + 1.093 + 0.561i√
n
(111)
For tensor perturbations, we find from eqs. (100), (102), together with (57) and (61),
ωnr¯∗ =
(
n+
1
4
)
π +
i
2
ln 2 + eiπ/4
ATΓ4(14 )
16π2
√
r¯∗
2µn
, AT = 3ℓ(ℓ+ 1) + 1
6
(112)
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Figure 3: The frequency gap (110) for tensor perturbations in d = 4 for rH = 0.2 and ℓ = 0:
zeroth and first order analytical (eq. (115)) compared with numerical data [7].
Again, only the first-order correction is ℓ-dependent. Numerically for large rH and ℓ = 0,
ωn
rH
= (1.299 − 2.250i)n + 0.573 − 0.419i + 0.102 + 0.0586i
r2H
√
n
(113)
For an intermediate black hole, rH = 1, we obtain
ωn = (1.969 − 2.350i)n + 0.752 − 0.370i + 0.131 + 0.0916i√
n
(114)
In figure 2, we plot the gap (110), including both zeroth and first order and compare with
numerical results [7].
For a small black hole, rH = 0.2, we obtain
ωn = (1.695 − 0.571i)n + 0.487 − 0.0441i + 0.489 + 0.251i√
n
(115)
and compare the gap with numerical results in figure 3. Finally, for vector perturbations,
we find from eqs. (100), (102), together with (58) and (61),
ωnr¯∗ =
(
n+
1
4
)
π +
i
2
ln 2 + eiπ/4
AVΓ4(14)
48π2
√
r¯∗
2µn
, AV = ℓ(ℓ+ 1)
2
+
3
14
(116)
Numerically for large rH and ℓ = 2,
ωn
rH
= (1.299 − 2.250i)n + 0.573 − 0.419i + 8.19 + 6.29i
r2H
√
n
(117)
For an intermediate black hole, rH = 1, we obtain (see figure 4)
ωn = (1.969 − 2.350i)n + 0.752 − 0.370i + 0.741 + 0.519i√
n
(118)
and for a small black hole, rH = 0.2, we obtain (see figure 5)
ωn = (1.695 − 0.571i)n + 0.487 − 0.0441i + 1.239 + 0.6357i√
n
(119)
In all cases of gravitational perturbations, regardless of the size of the black hole, our
analytical results are in good agreement with numerical results [7].
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Figure 4: The frequency gap (110) for vector perturbations in d = 4 for rH = 1 and ℓ = 2: zeroth
and first order analytical (eq. (118)) compared with numerical data [7].
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Figure 5: The frequency gap (110) for vector perturbations in d = 4 for rH = 0.2 and ℓ = 2:
zeroth and first order analytical (eq. (119)) compared with numerical data [7].
4 Electromagnetic perturbations
In this section we extend the discussion to electromagnetic perturbations. This is a singular
case because the potential vanishes at zeroth order. Consequently, the compatibility con-
dition (82) discussed in the previous section has no solutions and no asymptotic expression
for quasi-normal frequencies may be deduced [4]. Nevertheless, the numerical results are
similar to the ones we discussed in the case of gravitational perturbations [7]. We shall
show that including first-order corrections leads to analytical asymptotic expressions for
quasi-normal frequencies in agreement with numerical results. Unlike with gravitational
perturbations, where first-order corrections were a power of n (eqs. (100) and (102)), for
electromagnetic perturbations first-order corrections are o(lnn).
We shall concentrate on the four-dimensional case for definiteness. Generalization to
higher dimensions is straightforward. The wave equation reduces to (51) with electromag-
netic potential
VEM =
ℓ(ℓ+ 1)
r2
f(r). (120)
where f(r) is given in (1) with d = 4. Near the origin, this potential may be expanded in
16
terms of the tortoise coordinate. Using eq. (56), we obtain
VEM =
j2 − 1
4r2∗
+
ℓ(ℓ+ 1)r
−3/2
∗
2
√−4µ + . . . , (121)
where j = 1. This leads to a vanishing potential to zeroth order. Consequently, no analytic
expression for quasi-normal frequencies is deduced. This is easily seen by substituting j = 1
in the zeroth-order expression (83); we obtain a divergent result because tan−1 i is not finite.
This is remedied by including first-order corrections. The compatibility condition (99)
of the two first-order constraints (94) and (98) reads∣∣∣∣ 1 + b¯+ a¯2 tanωr¯∗ −i− b¯+ ia¯2(1− b¯) tanωr¯∗ − a¯1 1− a¯1 + ib¯
∣∣∣∣ = 0 (122)
where we used d = 4, j = 1, j∞ = d − 3 = 1, and α+ = β = π2 . At zeroth order (setting
a¯1 = a¯2 = b¯ = 0), we obtain
tanωr¯∗ = i (123)
which has no solution, as expected [4]. At first order, we obtain
tanωr¯∗ = i+ (1− i)(a¯1 − a¯2 − 2b¯) (124)
whose first-order solution is
ωr¯∗ = nπ +
1
2i
ln
(1 + i)(a¯1 − a¯2 − 2b¯)
2
(125)
Using (102) and (121), we deduce explicit expressions for the first-order coefficients,
a¯1 = A
√
r¯∗
n
, a¯2 = b¯ = −a¯1 , A = ℓ(ℓ+ 1)
2
√−4µ (126)
and eq. (125) reads explicitly
ωr¯∗ = nπ − i
4
lnn+
1
2i
ln
(
2(1 + i)A√r¯∗
)
(127)
Therefore, the correction to the quasi-normal frequencies behaves as lnn in the large ω
limit.
To compare with numerical results, set R = 1. As with gravitational perturbations, we
shall compare the gap, because the offset is not reliable. For the gap, we have from (127)
∆ωn ≡ ωn − ωn−1 = π
r¯∗
(
1− i
4πn
+ . . .
)
(128)
Both leading and sub-leading terms are independent of ℓ.
For a large black hole, using (107), we obtain the spectrum
∆ωn
rH
≈ 3
√
3(1− i√3)
4
(
1− i
4πn
+ . . .
)
= 1.299 − 2.25i − 0.179 + 0.103i
n
+ . . . (129)
This analytical result is compared with numerical results [7] for rH = 100 in figure 6.
Using eqs. (103), (104), (105) and (127), we obtain the spectrum of an intermediate
black hole, rH = 1, (see figure 7)
ωn = (1.969 − 2.350i)n − (0.187 + 0.1567i) ln n+ . . . (130)
and for a small black hole, rH = 0.2, (see figure 8)
ωn = (1.695 − 0.571i)n − (0.045 + 0.135i) ln n+ . . . (131)
All first-order analytical results are in good agreement with numerical results [7].
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Figure 6: The frequency gap (110) for electromagnetic perturbations in d = 4 for rH = 100 and
ℓ = 1: zeroth and first order analytical (eq. (129)) compared with numerical data [7].
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Figure 7: The frequency gap (110) for electromagnetic perturbations in d = 4 for rH = 1 and
ℓ = 1: zeroth and first order analytical (eq. (130)) compared with numerical data [7].
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5 Conclusions
We studied quasi-normal modes for Schwarzschild black holes in asymptotically AdS spaces
of arbitrary dimension. We obtained analytical expressions by solving the wave equation
perturbatively, including first-order corrections. We studied scalar, electromagnetic and
gravitational perturbations. In the case of massive scalar perturbations, we extended the
method proposed in [2] for large black holes and derived explicit expressions of quasi-normal
frequencies for black holes of arbitrary size as a perturbative expansion in 1/m, where m
is the mass of the perturbation.
This method is not directly applicable to massless modes, because the perturbative
expansion fails as m → 0. Instead, we obtained perturbative expansions of gravitational
and electromagnetic modes by extending the method proposed in [6] for asymptotically flat
spaces. The perturbative expansion was based on zeroth-order results obtained in [3, 4]. We
showed that our analytical results were in good agreement with numerical data [7]. In the
case of electromagnetic perturbations, zeroth-order expressions do not yield finite quasi-
normal frequencies, because the effective potential vanishes [4]. By including first-order
effects, we were able to arrive at finite analytical expressions with logarithmic sub-leading
contributions.
It would be interesting to extend these results to other types of black holes and also
understand their implications on the AdS/CFT correspondence.
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